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Synopsis

A generalized form of the equations of linear viscoelasticity is presented which enables
theoretical treatment of situations where a material is not at equilibrium with its en-
vironment and/or is subjected to a changing environment. These generalized equations
are used successfully to predict the recovery behavior of wool and nylon fibers from
bending deformations in experiments involving conditions of changing temperature and
relative humidity.

INTRODUCTION

Linear viscoelastic theory!:? has been used successfully in the study of the
mechanical behavior of certain materials at low strains (generally < 19,).
The theory can be based on the assumption that linear superposition holds
for both stress and strain (the Boltzmann superposition principle). This
can be expressed in the following Stieltjes integral forms:

fit) = j; t G(t — 71)de(r) (superposition of stress) 1)

e(t) = j; ‘ J(t — 7)df(+) (superposition of strain) (2)

where f and ¢ are the stress and strain at any time ¢ and G(¢) and J(¢) are
functions of time which are unique for the material under specified condi-
tions. These equations describe a linear superposition of responses and
imply that a response to a given input is invariant with the time at which
this input is applied.

The functions G(¢) and J(¢) are known as the stress relaxation modulus
and creep compliance, respectively. A knowledge of one of these functions
determines completely the viscoelastic behavior of the material under the
specified conditions. These functions are related through equations

ft Gt — 1) dJ(r) dr =1 (3)
)} dr
f t J(t— 1) ) g = 1. @)
0 dr
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Convenient numerical methods®—® are available for calculating one func-
tion from the other.

This theory can be applied to certain systems which are at equilibrium
with a constant environment. The applicability of the theory is, however,
somewhat restricted since for many practical purposes we are interested in
the behavior of the material not at equilibrium with its environment and/or
subjected to a changing environment.

It has been shown that keratin fibers, wet out in water and allowed to
recondition in air at constant conditions, exhibit mechanical properties
which change with time after reconditioning.”® During this process, which
is known as aging, stress relaxation curves obtained by imposing a step
strain at increasing times after reconditioning, shift progressively to greater
relaxation times. Thus, the stress relaxation function is not invariant with
time of testing.

To describe these phenomena, the following generalized forms of egs. (1)
and (2) were proposed:

f@=ﬁﬂm—%&) 5)

em=ﬁﬂm—ﬁma ©)

where G(t4,T) and J(t,,T) are unique functions of two variables. Thus,
the stress relaxation modulus and the creep compliance are unique func-
tions of the absolute (or aging) time ¢, and the stress relaxation time 7'.
These equations, which describe a linear superposition of responses that are
not time invariant, were used successfully to predict the bending creep and
recovery behavior of aging wool fibers.

In the present work, the applicability of this type of equation is tested for
wool and nylon fibers in ‘bending in situations where temperature and/or
relative humidity are changing with absolute time. This is of considerable
practical relevance to the wrinkling of textile materials.®-

THEORY

Because of complications likely to arise due to changes in the dimensions
of the specimen with absolute time, egs. (5) and (6) must be modified.

Firstly, changes in cross-sectional area of a specimen are likely to occur
during environmental changes, and this will result in complicated changes in
calculating actual stress. Therefore, for convenience we will define
f@), €@, G(t4,T), and J(t4,T) to be nominal values® ! calculated from the
dimensions of the specimen measured under some standard conditions (say,
20°C and 65% R.H.. In this manner, complex changes in specimen
dimensions will not have to be determined independently but will auto-
matically be taken into account.’? Hereafter, all stresses, strains, moduli,
and compliances will be understood to be nominal values.
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Secondly, the environmental changes may produce changes in the strain
parameter of the stress-free specimen during the course of the experiment,
and these changes must be allowed for. For example, in a tensile experi-
ment involving increasing humidity, the length of a keratin specimen would
increase!® in the absence of tensile stress due to longitudinal swelling. This
would produce an increase in strain. Alternatively, if the specimen were
held at constant length (zero strain), a compressive stress would be built
up during the course of the experiment. Assuming that these ‘“back-
ground”’ effects are additive with the viscoelastic effects, we modify the
previous egs. (5) and (6) as follows:

10 =60+ | Gt — T)de(r) @

() = nt) + f J(rt — 1)df(r) ®)

where ¢.(¢) and 7.(¢) are the background stress function and background
strain function, respectively. They represent the stress or strain changes
that would be observed in an experimental sequence with the specimen
maintained at zero strain or zero stress, respectively. (It is convenient for
most purposes to define ¢,.(¢) and 7,(¢) = Oatt = 0.) It is easy to show that
they are related by the following expressions:

n(t) = — fo Tt — 1)dg(r) ©

oult) = — fo Gt ~ rydndlr). (10)

Furthermore, the stress relaxation modulus and ereep compliance ean
be shown from their definitions to be related via relations® which are
generalizations of the previously given relations eqs. (3) and (4):

t —_
f Gt — 1) A o(ta7 = ta) t‘)d7=1 (11)
17 dT
t dG(ta,r — ¢
[y =t gy 12)
4 dT

Calculations of G, from J, or vice versa are conveniently carried out numeri-
cally 8

Thus, the behavior of a material which obeys egs. (7) and (8) is com-
pletely determined for any given environmental sequence by a knowledge
of ¢.(¢) or n.(t) together with G, (t5,T) or J.(t4,T) for that particular se-
quence.

In general, an environmental sequence is understood to mean a given set
of histories of the-external constraints on the system (apart from stress or
strain). Such constraints would include temperature, relative humidity,
hydrostatic pressure, etc. It should be emphasized that, while we have
used the respective terms ‘“stress relaxation modulus’’ and “creep com-
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pliance” to refer to G.(¢4,T) and J,.(¢4,7), these functions of ¢, and T will
be unique only for the given environmental sequence. The subscript e
is used here to denote functions which are dependent in this way on a
particular environmental history.

If the sample is sufficiently thin and the temperature and humidity
changes relatively slow such that appreciable gradients of temperature and
moisture are not set up within the sample, then the functions G, and J, will
represent true material properties for that particular environmental se-
quence. For larger samples under rapid environmental changes, the func-
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Fig. 1. (a) Graphic representations of the mechanical and environmental sequences
of experiment 1. Temperature and R.H. are plotted vs. the time after wetting out:
(1) onset of stress relaxation; (2) recovery; (3) auxiliary stress relaxation experiment;
(MEEE) duration of the step strain; (wmm®) duration of recovery. (b) Result of
experiment 1 for Lincoln wool. The averaged nominal bending relaxation moduli
functions Gu(ty, T'), Ge(ts,T), and G.(ts,T), marked (1), (2), and (3), are plotted in GPa
against relaxation time on the left of the figures. On the right-hand side of the figures
are shown the averaged experimental recovery points and the averaged theoretically
predicted recovery from eq. (7) (solid lines). (c) The same as (b) using nylon fibers.

tions G, and J, obtained will in addition depend on the thermal and moisture
transfer characteristics of the material and will therefore depend on the size
and shape of the specimen chosen. For the 50-um textile fiber investigated
below, these secondary effects are probably negligible.

APPLICATION OF THE THEORY

A dummy run may be performed on a sample held at zero strain to
determine ¢.(¢) for the particular environmental sequence of interest. A
series of stress relaxation experiments is then performed on fresh samples
(or the same sample brought back to its original state) by imposing a step
strain ¢ at different times (¢,) during the course of the sequence. The
stress relaxation modulus can thus be determined from

F@) = ¢.() + «G.(ta,t — La).
Putting stress relaxation time T' = ¢ — {,, we obtain:

€0

The behavior of the material is therefore completely determined for this
sequence.
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Single straight fibers, provided they are structurally symmetrical in cross
section, will remain straight in spite of temperature and relative humidity
changes. Thus, bending experiments on straight fibers provide a particu-
larly convenient technique for studying the viscoelastic properties since
¢.(t) (the bending stress!'! at zero bending strain) and #5.(f) (the bending
strain at zero bending stress) will remain zero throughout any environ-
mental sequence.!? However, a fiber with an initial natural curvature
(defined as zero bending strain) or a straight fiber with a bilateral structure
will exhibit curvature changes giving rise to nonzero background functions.
Fortunately, fairly straight sections of Lincoln wool and nylon fibers are
available over the short lengths required for bending studies (~1 mm), and
thus the effects of the background functions may be neglected.
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Fig. 2 (continued)
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(¢)

Fig. 2. (a)-(c) Graphicrepresentations of mechanical and environmental sequences
of experiment 2. Other data as in Fig. 1.

EXPERIMENTAL

A lock of Lincoln wool fibers had been washed thoroughly in petroleum
ether and then in distilled water and allowed to dry in air at 659, R.H. and
20°C. Three Lincoln fiber specimens were mounted as previously de-
seribed¢ for testing in the single-fiber bending apparatus. Nylon 66
fibers from an I.C.I. multifilament yarn approximately 53 ym in diameter
were boiled off % in distilled water for 1/2 hr and allowed to condition in air
at 659, R.H. and 20°C, and three fiber specimens were mounted. The
dimensions of the wool and nylon specimens were measured in air at 659,
R.H. and 20°C, and these dimensions were used to calculate nominals.1t
bending stress and strain values in subsequent tests which involved different
environmental conditions.

It has previously been found® that following bending experiments per-
formed in air on wool and nylon fibers, the fibers could be brought back
to a standard state by wetting out (unstrained) and conditioning for a
given time in air at specified conditions. The specimens are wet out by
dripping water continuously onto them for 5 min, after which surplus liquid
is removed. This procedure enables one fiber specimen to be used for
many tests with more direct and accurate comparison possible than if many
separate specimens had been used.

A series of five bending stress relaxation and recovery experiments was
designed to test the validity of eqs. (7) and (8) when the relative humidity
and temperature were allowed to vary during the course of the experi-
ment. Figures 1a, 2a, 3a, 4a, and 5a are graphic representations of the
mechanical and corresponding environmental sequences used. Relative
humidity and temperature are plotted as a funetion of time after wetting
out, and the periods of stress relaxation (from time 1) and recovery under
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zero load (from time 2) are marked. All stress relaxation was done at 19,
bending strain.

The experiments (labeled 1 to 5) are briefly summarized below. After
wetting out,

1. Fiber conditioned 6 min at 659, R.H., 20°C; strained to 19, for 10
min during which time a burst of air at 859, R.H. was admitted for 8 min;
then the R.H. was returned to 659, 1 min before recovery.
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Fig. 3 (continued)
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Fig.3. (a)-(c) Graphic representations of mechanical and environmental sequences
of experiment 3. Other data as in Fig. 1.

2. Asin1, except that the fiber was conditioned 60 min.

3. TFiber conditioned 60 min at 09, R.H., 20°C; strained to 19, for 50
min, but during stress relaxation the R.H. was changed abruptly to 659,
after 10 min stress relaxation. After 10 min at 659, R.H., the air was
changed back to 09, R.H. 30 min before recovery.

4. Fiber conditioned for 30 min at 659, R.H., 20°C after which time the
R.H. dropped continuously for remainder of experiment to 339, 1 hr later.
At time of commencement of the drop in R.H., the fiber was strained to 19,
for 15 min before recovery.

5. TFiber conditioned for 30 min at 659, R.H., 20°C. Temperature
then rose and R.H. simultaneously fell, gradually over the remainder of the
experiment until a condition of 46°C and 15.59, R.H. was reached after 1
hr. At the time of commencement of drop in R.H. and rise in temperature,
the fiber was strained to 19, for 30 min before being recovered.

Each of the six fiber specimens was subjected to tests 1 to 5 in sequence.
However, after each main stress relaxation and recovery test, the specimen
was subjected to two additional stress relaxation tests. It was wet out and
subjected, unstrained, to the same environmental sequence as for the main
test. However, when the original recovery time (marked 2 in Fig. la)
was reached, a stress relaxation step strain was imposed and maintained
until the end of the environmental sequence. The fiber was then wet out
again and the procedure repeated with the step strain now being imposed at
time 3. If we let the times associated with points 1, 2, and 3 be given by
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ti, ts, and #;, the stress relaxation functions we have obtained are G,(f,T),
G (t:;,T), and G.(t;,T).

CALCULATIONS

For recovery following stress relaxation at strain e, since ¢(¢) = 0 for
all ¢, eq. (7) becomes

¢
0 = G (it — &) + f G (r,t — 7)de(7).
t-
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Fig. 4. (a)(c) Graphic representations of mechanical and environmental sequences
of experiment 4. Other data as in Fig: 1.

Thus, it is evident that in order to calculate recovery strain®? e(f) it is
necessary to know the function G.(4,T) and all functions G.(¢,T) where
t, < t, < t. By using a linear interpolation technique between the known
functions G.(t;,T) and G.(t;,T), we may estimate intermediate functions.
This interpolation is reasonable since there are no discontinuities in R.H.
or temperature in any of the tests (1 to 5) which might give rise to dis-
continuities or sharp changes in the value of G, between ¢, and ¢;.

It should be noted that it is necessary to know function G,(t:,T) for
<t + T <t ie., asmall extrapolation of the originally determined func-
tion at time ¢, is necessary. However, in the case of tests 1 and 2, extrap-
olation was not possible, and a subsidiary stress relaxation was done by
imposing a step strain at time ¢ and maintaining it until the end of the
environmental sequence.

For each test on each fiber specimen, the three G functions G,.(¢;,T), and
G.(t;,T) were used to calculate recovery using the methods of references 6
and 8. TFor each test, each of these G functions was averaged over the three
wool fibers used. The corresponding experimental recovery points and the
predicted recovery curves were similarly averaged. These results are
shown in Figures 1b, 2b, 3b, 4b, and 5b where the averaged G functions
(expressed in G'Pa) are labeled (1), (2), and (3), respectively and have been
plotted against the logarithm of time on the left of each figure. The
averaged experimental recovery points and averaged theoretical recovery
curves have been plotted against log of recovery time on the right-hand
side of each graph. Recovery is expressed as percentage set,® i.e., the
percentage of the original strain remaining after any recovery time. The
results for the nylon fibers are similarly shown in Figures l¢, 2¢, 3¢, 4c, and
5c.
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DISCUSSION

The recovery curves of Figures 2 and 3 indicate good agreement between
the theoretical predictions and the experimentally determined values.
Thus, for the environmental sequences investigated, wool and nylon
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Fig. 5. (a)-(c) Graphic representations of mechanical and environmental sequences
of experiment 5. Other data as in Fig. 1.

fibers exhibit responses which, although not time invariant, are linearly
superposable. It should be noted that the first three experiments 1 to 3,
which involve step changes in R.H., show better agreement, than 4 and 5.
Except in one case, the deviation was always such that the observed
recovery was less complete than what was predicted. A similar
phenomenon has previously been noted for “‘aged’” wool® and nylon!® fibers
whichr had been stress relaxed at 19, bending strain and recovered under
constant conditions. The greater the time of stress relaxation, the greater
the deviation. Moreover, for strains above 19,° this discrepancy becomes
much more marked. It is possible that at 197 strain, we are slightly out of
the linear viscoelastic strain region, and this suggests that if the present
experiments were performed at 0.5 strain, the small discrepancies ob-
served would be much less. Yannas et al.'” have found for polycarbonate
that longer times of stress relaxation and higher temperatures effectively
reduce the region of linearity.

Equation (7) has been found to hold for the situations investigated here
when the background function ¢(f) = 0, and the converse eq. (8) should also
be valid under the same conditions since Stuart'® has shown that one equa-
tion implies the other. Experiments in tension, where ¢,(f) ¥ 0 and 7.(t) %
0, could be used to test these equations more completely.

The author would like to express appreciation for the many helpful discussions with
I. M. Stuart and to Mrs. J. Spalek for her competent experimental assistance.
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